We discuss aspects of the monopole-vortex complex soliton arising in a hierarchically broken gauge system, G → H → ½, in a θ vacuum of the underlying G theory. Here we focus our attention mainly on the simplest such system with G = SU (2) and H = U (1). A consistent picture of the effect of the θ parameter is found both in a macroscopic, dual picture and in a microscopic description of the monopole-vortex complex soliton.
Introduction
It was suggested recently [1] - [4] that certain properties of the regular 't Hooft-Polyakov monopoles [5] arising from a gauge symmetry breaking G −→ H occurring at some mass scale v 1 may be best studied by putting the low-energy H system in a Higgs phase, by the vacuum expectation values (VEV) v 2 of another scalar field (see also [6] ), so that one has a hierarchical gauge symmetry breaking pattern,
The regular monopoles correspond to the second homotopy group π 2 (G/H) while the vortex solutions describe nontrivial elements of the fundamental group π 1 (H). They are related by the exact homotopy-group sequence,
By using the known fact that π 2 (G) = ½ for any compact Lie group G, one finds that
For instance if the original gauge group is simply connected (e.g., G = SU(N)) there is oneto-one correspondence between a vortex solution and a regular monopole solution. Physically this means that the latter disappears from the spectrum, as it is confined by the vortex of the low-energy system. Vice versa, the vortex of low-energy system is unstable in the sense that it terminates at massive monopoles at its extremes (or equivalently, can be cut in the middle by a pair production of massive monopoles). If π 1 (G) = ½ this relation is generalized appropriately.
For instance for G = SO(N), π 1 (G) = 2 , the correspondence is two-to one: doubly-wound vortices are unstable and require a regular monopole to exist in the system [5] .
This kind of relation gives powerful information on the monopoles when the vortex properties are known, or vice versa. For instance, when the low-energy vortices carry continuous, nonAbelian orientational moduli such as those studied extensively recently [7, 1] , [8] - [12] , consistency requires the massive monopoles at the vortex extremities to possess corresponding non-Abelian zeromodes. This seems to explain the occurrence of fully quantum mechanical non-Abelian monopoles in the infrared spectrum of certain N = 2 supersymmetric quantum chromodynamics (QCD) [13] - [14] .
The very nature of the problem thus leads us to the study of soliton complexes which are not stable. When there is a strong hierarchy of the symmetry breaking scales, v 1 ≫ v 2 , however, we can appeal to a Born-Oppenheimer type approximation: the motion of the heavy monopole can be neglected in the analysis of low-energy excitations of the vortex-monopole complex.
An important point of this kind of analysis is that certain relations between the monopoles and vortices, following from symmetry, consistency and continuity, must hold exacty. The first check of such a connection (the Abelian and non-Abelian magnetic flux matching) has been made in [2] , soon after the discovery of non-Abelian vortex solutions.
It is the purpose of this note to examine the properties of a monopole-vortex complex in a θ vacuum. We wish to know how the θ parameter affects the whole system.
In order to study the question in the simplest possible context, we mainly discuss below the case of symmetry breaking,
When the smaller vacuum expectation value (VEV) v 2 is neglected, i.e., in a high-energy approximation, the system is known to possess stable regular 't Hooft-Polyakov monopole solutions, with magnetic charge 1 ,
induces an electric charge on the magnetic monopole (in units of g) of the amount [15] Q e = θ 2π n .
Indeed, the magnetic field of the monopole (seen far from the monopole center),
implies an electrostatic energy of a pointlike charge, Eq. (3). The latter can be written also as
where both B and E are radially emanating from the monopole center.
Even with v 2 = 0, such an approximation should be valid if we look at the system sufficiently close to the monopole, at distance scales between 1/v 1 and 1/v 2 from the center. When we observe the system from larger distances (larger than 1/v 2 ), however, the breaking of the lowenergy U(1) group becomes visible, and we will find that the magnetic field B is actually squeezed into an Abrikosov-Nielsen-Olesen (ANO) vortex, e.g., in the −ẑ direction (Fig. 1 ). The system is described at low energies, e.g., by the standard Abelian Higgs model with a quartic coupling,
The properties of the vortex defect in such a vacuum are well known.
Dual macroscopic description
Recently a macroscopic description of the SU(2) system with a hierarchical symmetry breaking (1) has been presented by Chatterjee and Lahiri [6] . In analysing the effect of the θ term, we first follow their work and adopt a dual macroscopic picture of the monopole-vortex complex. In their approximation, the monopole in Fig. 1 is a point and the vortex is a thin line. At v 1 the VEV of an adjoint scalar φ breaks the SU(2) symmetry to U(1); at a much smaller scale v 2 a (scalar) quark field q(x) acquires a VEV breaking the gauge symmetry completely. At the mass scales much lower than v 1 , and in the presence of a monopole,
with nontrivial winding U(x), the system is described by a Lagrangian,
where G µν = F µν Φ +M µν , and
are the unbroken U(1) gauge field tensor and the field of the magnetic monopole, respectively.
As for the quark, the low-energy degrees of freedom may be taken to be the phase χ of a U(1) rotation around the φ direction,
which leads to the expression
where 
The total Lagrangian is then
In order to dualize [16] the fluctuations of the squark field, we first separate it into the regular and singular parts χ r and χ
the latter (non-trivial winding of the scalar field) is related to the vortex position by
and ξ a are the world-sheet coordinates. χ r can be integrated out by introducing the Lagrange
which gives rise to a functional delta function
The constraint can be solved by introducing antisymmetric fields B µν (x),
being a completely antisymmetric tensor field. One is left with the Lagrangian
where we have set
Now we dualize A µ by writing
Again the constraint can be solved by setting
and taking the dual gauge field A D µ as the independent variables. As
represents the monopole current, one sees from Eq. (17) and Eq. (18) that A µ D is locally coupled to it. The Lagrangian is now
Finally, observing that there is a (dual) gauge invariance of the form,
one may introduce gauge-invariant fields
finding the final form of the Lagrangian,
Note however that the integration over A µ D has introduced a constraint
showing that the monopole current acts as the source for the worldsheet fluctuations. In other words, the monopole is at the endpoint of the vortex (Fig. 1) . To summarize, one ended up with a system of massive fields G µν only, coupled to the vortex world sheet fluctuation (Σ µν ) and, through (24), to the monopole current (j ν ). The equations of motion for G µν gives
By taking a further derivative and by using Eq. (24) 
In the presence of a θ term, Eq. (2), one must add to Eq. (10)
The electromagnetic duality transformation from Eq. (17) to Eq. (23) gets modified in a standard
where
Eq. (18) is replaced by
Solving for χ µν this gives
the final form of the Lagrangian is
instead of Eq. (23). Actually, we must write F µν + M µν instead of F µν above, but the way M µν enters the final result through the constraint Eq. (24) is not modified.
The equations of motion following from Eq. (32) are:
To solve Eqs. (33) and (34), set
One has from Eq. (34)
while from Eqs.
and hence
where we have definedj
Combining Eq. (36) and Eq. (38) we have an explicit solution for L µ :
In order to interpret the result in terms of the original electric and magnetic fields, we note that the duality transformation Eq. (28)-Eq. (32) implies
For instance, let us consider a massive static monopole sitting at r = 0 with a vortex attached to it and extending into the −ẑ direction:
From Eq. (41) one finds that (we recall α = θg 2 /8π
2 )
and G(r) is the Green function, having the Yukawa form
Note the clear-cut separation of the monopole and vortex contributions to magnetic (and electric) fields, Eq. (44).
In order to see magnetic Gauss' theorem at work, let us integrate the magnetic flux through the surface of a sphere centered at the origin (the monopole position), of an arbitrary radius R,
that is,
By using Eq. (45) and Eq. (46) we see that
independently of the radius R. In other words,
In the limit of very small (≪ 1/m) and large (≫ 1/m) values of R, the above result reduces to the "flux-matching" condition between the magnetic monopole and vortex flux. Namely,
as can be verified explicitly.
Electric field takes significantly nonzero values only near the monopole: Gauss' theorem in the usual form does not hold because the electric charge of the monopole is screened by the charge condensed in the vacuum. In the small spherical region of Coulomb vacuum surrounding the monopole it is proportional to magnetic field, consistently with Witten's formula, Eq. (5).
Microscopic description
It might be of some interest to know how the electric field behaves near the vortex-monopole complex (the behavior of the magnetic field in an ANO vortex is well known). In order to have a microscopic description of the monopole-vortex complex let us take as the model an SU (2) gauge theory with softly broken N = 2 supersymmetry. One of the motivations for doing so, rather than sticking to the simple model of Section 2, is that the generalization to the nonAbelian vortex case is straightforward in such a context: it is in fact in such a context that the vortex solutions with non-Abelian moduli have been found. Also, the form of the potential is not modified by radiative corrections due to nonrenormalization theorem of supersymmetric theories.
Finally, the interesting phenomenon of orientational zero modes and their fluctuations in the case of non-Abelian vortices (see below) have so far been studied only in such a microscopic picture.
The Lagrangian is of the form,
where m 0 is the bare quark masses, and where
The parameter µ, the mass of the adjoint chiral multiplet which breaks the supersymmetry to N = 1, is taken to be small as compared to the bare quark mass m 0 . The adjoint scalar takes a VEV, φ = v 1 diag(1, −1), where v 1 = −m 0 / √ 2, which breaks the gauge symmetry to U(1). The upper component of the squark remains massless and at much lower energies its VEV v 2 = q = 2 √ µm 0 breaks the U(1) symmetry. In other words, the mass parameters are chosen
so that the gauge symmetry is broken at two, hierarchically different scales. The model considered here is actually identical to the one analyzed in some detail earlier [2, 18] apart from the simplification to SU(2) theory, Eq. (1), rather than SU(3) case studied there. The low-energy bosonic Lagrangian takes the form
The presence of µ φ 3 ∝ µ m 0 further breaks U(1) completely and gives rise to vortex. Since
the light quark (the upper component of Q) enters with the covariant derivative as
In order to study the monopole-vortex complex configuration it is necessary to work in the socalled singular gauge, in which all fields smoothly approach their constant VEVs away from the monopole-vortex region, without any "winding". The gauge field A φ presents a Dirac string singularity
along the vortex core in such a gauge, but the (light) squark field vanishes there, making it innocuous.
We work with an Ansatz for the form of the fields far from the monopole center (the suffix 3 referring to the third direction in the SU (2))
where cylindrical coordinates ρ, φ, z are used. The four profile functions f, A 0 , w, λ satisfy coupled second-order differential equations and we must impose an appropriate set of boundary conditions so that the configuration approaches 't Hooft-Polyakov's radial solution near the monopole, and a vortex-type solution far from it. The details will be presented elsewhere [17] , together with a numerical solution of the problem.
The behavior of magnetic field around the vortex far from the monopole is determined by the standard boundary condition
It is not modified by the θ term, in agreement with what was found in the macroscopic picture.
It approaches a constant at the vortex core and exponentially suppressed as K 0 (ρ/ √ 2) at large ρ (where we have set g = v 2 = 1), where K 0 (x) is a modified Bessel function of the second kind.
The total magnetic flux carried by the vortex, measured far from the monopole, is given by
On the other hand, near the monopole center, i.e., at distances much less than 1/v 2 , the field configuration is well approximated by the 't Hooft-Polyakov solution: it is not affected significantly by the smaller VEV, v 2 . Its total magnetic flux −4π/g through the surface of a sphere surrounding it (following from Eq. (4)) matches correctly the vortex flux Eq. (59).
The behavior of electric field is slightly subtler. The equation of motion for A 0 following from Eq. (54) is:
where on the right hand side we have made an approximation for ∇ · B which is valid far from the monopole center. Away from the region of monopole and vortex,
and we find the regular solution
consistently with Eq. (44). Such an asymptotic behavior is valid in all directions except near the negative z axis (i.e., along the vortex), where it is distorted by the fact that q = w drops to zero as w ∼ ρ (ρ = x 2 + y 2 is the distance from the vortex axis).
It might be thought that electric field survives in the vortex core, as does magnetic field. A constant (z-independent) electric field is however not consistent with Eq. (60), which reads in cylindrical coordinates,
In the absence of the third term, the equation reduces to
whose solution, suppressed at large ρ, is necessarily singular at ρ = 0. Such a behavior is not accepatable as it leads to singular electric field 2 . Assuming that the electric potential falls exponentially in |z| and assuming a ρ independent exponent,
the equation forÃ reads
This has the form of a two-dimensional (radial) Schrödinger equation with "potential" (64) at small ρ must be smoothly connected to the region of larger ρ,
which follows from (61), but a better understanding of such a transition would require a careful numerical study of the coupled equations. We note that the fact that the suppression of electric field along the vortex core (e −0.93m|z| ) is less severe than in the region outside the vortex-monopole complex (e −mr ) is physically quite reasonable.
The correction to the energy due to electric field can be estimated by considering a large sphere surrounding the monopole and part of the vortex, with its center at the monopole position, with radius R = |z| much larger than the vortex width (1/v 2 ), and studying the energy contained in it due to the terms involving A (0) . The terms containing A (0) in the energy are (we set g = 1 below)
S is the surface term.
The bulk term gets a nonvanishing contribution from a small region around the monopole (r = 0), as A (0) obeys the equation of motion (60) (see Eq. (4)). It is a correction to the monopole mass proportional to θ 2 . Contribution to the surface term S vanishes almost everywhere in the Higgs vacuum, except possibly from a small surface region where the vortex cuts through the sphere (indicated by A in Fig. 3 ), where
However, as A 0 is exponentially suppressed far from the monopole in all directions, including along the vortex core, no surface term arises. The vortex tension is unmodified by the θ term. 
Outlook
We have thus initiated the investigation of a monopole-vortex complex appearing as a result of a hierarchical gauge symmetry breaking, focusing our attention to the simplest such system,
and paying a particular attention to the effects related to the θ parameter of the underlying SU(2) theory. We have found a consistent picture of the θ dependence both in a macroscopic (generalized-London-limit-type) approximation and in a microscopic electric description of the vortex-monopole complex soliton.
Of course, our main interest lies in more nontrivial non-Abelian symmetry breaking scenarios, such as (N ≥ 2)
as mentioned in the Introduction. An extensive study of the low-energy vortex solutions possessing non-Abelian continuous orientational moduli has been performed in the last several years (for reviews, see [9, 10, 11, 4] ) after the explicit construction of the non-Abelian vortex solutions [7] , [1] . The model considered is a natural generalization of the Abelian Higgs model, Eq. (6), in which the gauge group is taken to be, e.g.,
with N f = N squarks in the fundamental representation of SU(N). The ground state of the system is characterized by the scalar quark VEV, 
These correspond to "Nambu-Goldstone modes" freely propagating however only along the vortex; in the bulk these are massive modes. In other words, these modes fluctuate in the vortex worldsheet, and can be described by an effective 1 + 1 dimensional CP N −1 sigma model [1, 8, 12] ,
where the complex N-component unit vector n represents the coordinates of CP N −1 . Now consider our H system as a low-energy approximation of the underlying SU(N + 1)
gauge theory, as in (69). The θ term of the SU(N) gauge system inherited from the original SU(N + 1) theory induces a nontrivial θ-dependent term in the low-energy CP N −1 sigma model,
as shown by Shifman and others [8] . We note that these effects, being magnetic, survive at long distances along the vortex through the fluctuating zeromodes, in contrast to the effects related to the U(1) Witten (electric) charge studied above, concentrated near the monopole.
It would be very interesting to ask what these θ dependent magnetic features of the vortex imply for the property of the massive monopoles sitting at the extremes, in the monopolevortex complex soliton generated as a result of the hierarchical symmetry breaking, (69). To answer this question, however, requires a proper understanding the behavior of the fluctuating non-Abelian orientational zeromodes of the whole monopole-vortex complex, a problem currently under investigation. We shall come back to the important issue of the matching of the θ-related effects in the context of non-Abelian monopole-vortex complex in a separate work [17] in near future.
